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Fig. 1. Microbial community involving species 7 and j. The corresponding
cells (blue and red ovals) maintain their metabolism as given by the
internal data, ', N*, v and @7, N7, v?, respectively. The transport of the

metabolites @ across the cell membranes occurs via the fluxes v

i
exc and vexc

(blue and red arrows). Note that not all metabolites in the medium are
exchanged by all species, and the stoichiometry of exchange reactions is
and N7, (blue
and red dotted rectangles). Out/inflows from/to the medium (dotted gray

specified by the extracellular stoichiometric matrices Neixt

line) are denoted by ¢ (and represented by black arrows). Note that fluxes
are counted positive in the direction of full arrowheads.

“total” stoichiometric matrix
i i
NP — Nl 0\ [Nl 0
tot ™ N© ) TA\NE. NELJO
exc int
where 0 € RMetmea XRMinei jg the zero matrix, and write mass
med
w i
( W' > “Nyoy =0

with molar masses w™°¢ € RMetwed of the metabolites in the

conservation as

medium. As a result, we obtain growth rate in terms of
exchange reaction rates only,

i i i i med i
pi=w -Nv =w -N_ v,  =—w * Nyt Voxe-

(3b)

Exchange with medium

Let X € RMetmed denote the amounts of substance of the
metabolites in the medium. Then,

dXxX i i
T > NiVie— @,
1E€Spc

that is, the dynamics is determined by a sum involving
the exchange fluxes of all microbial species and the net
out/inflows @ (from/to the medium).

To highlight the contributions of the individual species, we
scale their biomass by total biomass,

M;
i = ith M := M;,
and obtain ax
dt =M-: :L :’Y’ Nextvexc - & (4)

Clearly, the microbial mass fractions v € R® satisfy

vi >0 and Z’Yi:l-

i
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They are also called (relative) abundances or (community)
composition. Further, the growth rate of total biomass

1dMm
H= @
fulfills
= i pi- (5)

Eqn. (4), multiplied with the molar masses of the metabolites
in the medium, Eqn. (3b), expressing growth rate as a function
of exchange reaction rates, and Eqn. (5) relate growth rate and
net out/inflows,

d(wmed . X) B

M p— W™ B,
dt "

Alternatively, we can write Eqn. (4) in terms of more standard,
scaled quantities. Assuming a fixed volume of the medium,
Vmed, we introduce the concentrations & := X /Vied, the
biomass density p := M/Vijeq, and ¢ := ®/Vied, and obtain

dax ; ;
a =p- Z’Yi NeiVere — ©-
i

From dynamics to steady state

In the growth model Egn. (1) of species ¢ € Spc, we
assume steady state or “balanced growth”. That is, metabolite
concentrations and growth rate are constant over time, and we
obtain

0= N'v' — i 2"

In particular, balanced growth implies that all microbial species
(that are present) grow at the same rate: In the setting of a
batch reactor, let pmax := max; pu;. By the definitions of p and
~, if pi < fmax for some i € Spc, then v; — 0 as t — oo. That
is, py = p for all @ € Spc (with v; > 0). In the setting of a flow
reactor, all growth rates converge to dilution rate, pu; — d as
t — oo. Again, pu; = p.

After extending the stoichiometric matrix by the (stoichio-
metric vector of the) biomass reaction,

Ni

bm

= (Ni —@ :1:’) ,

we can write steady state as

0= Ny, _ - (6a)
! (Mi/w>

In the absence of kinetic information, we further consider lower
and upper bounds I*, u® € R®™ potentially for all fluxes,

' <o <l (6b)

Altogether, the set of feasible growth rates p; and fluxes
v € R™" is given by the linear equation/inequality system (6).

3 Additionally/alternatively, we may consider the enzyme
capacity constraint

i

: . v
i _ i T
Ctot = Z Er Z Z kcat,i
r

72Rxn ; 72Rxn ;

together with nonnegativity constraints for all (forward
and backward) fluxes (after ‘“reaction splitting”). All linear
constraints can be summarized as A’v® > b* with a matrix
Al ¢ R™i R i and a vector bt € R™i.



bioRxiv preprint doi: https://doi.org/10.1101/2025.07.30.667663; this version posted August 1, 2025. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is

4 | Miiller et al.

For variable p;, Eqn. (6a) is homogeneous in (vi, s ); for fixed
Wi, it is inhomogeneous. In any case, the full system (6) is
inhomogeneous.

One can further study the single-species models (6)
individually, in particular, one can compute their elementary
conversion vectors (thereby extending the notion of elementary
conversion modes from cones to polyhedra). However, in
this work, we first construct community models as inequality
systems and analyze them via elementary vectors in a second
step.

In principle, the (scaled) dynamic model (4) for the medium
can be combined with the constraint-based models (6) for the
individual species, as in dynamic FBA. However, in this work,
we consider also Eqn. (4) at steady state,

0=M-Y 7 Ni,vi. —®
7

Let j € Met,cq be a metabolite in the medium and assume
that ®; = 0, that is, there is no net out/inflow of this
metabolite (from/to the medium). Then,

D v (NLyviee); =0. (7a)

If one assumes either net inflow (®; < 0) or net outflow (®; >
0), then either

D i (NLywie); S0 or > i (Niyvi); >0, (7b)

respectively. If both in- and outflow are allowed, then we do
not obtain a constraint (for metabolite j). Hence, we introduce
three subsets of Metyeaq, corresponding to no in/outflow, net
inflow, and net outflow, denoted by Met?ned7 Meti;’ed, and
Metolt,, respectively.*

Results: community geometry

As a first version of a constraint-based community model, we
combine Eqns. (6) and (7) and obtain the following system for
growth rate p, microbial mass fractions v € R?, and fluxes
v* € R for i € Spe.

4 More generally, we may restrict net out/inflows to given
intervals. More specifically, for j € Metyeq, Wwe may assume
®; € Int; C R. Then,

M - 271 (Néxtvéxc)j € Intj'
[

It turns out that there are 15 possible intervals, given the signs
of their lower /upper bounds. Here, we state a few relevant cases.

Int; constraint

{0} ®; =0 no in/outflow
(—00,0] ®; <0 inflow

[0, 4+00) ®; >0 outflow
(—o0,+00) | — -

(=00, Uj] ®; < U; <0 | minimum inflow
[L;,0] L; < ®; <0 | maximum inflow
[L;,+00) 0 < Lj <®; | minimum outflow
[0,Uj] 0 < ®; <Uj | maximum outflow

For simplicity, we only consider the homogeneous constraints
introduced above.

made available under aCC-BY-NC-ND 4.0 International license.

Community model in g, v and v':

0=N; 8
bm (,u/&)) > (8a)
U <o’ <, (8b)
vi > 0, (8¢)

for ¢ € Spc, and

e . 0
if 5 € Met, 4,

if j € Met'? (8d)

med?

if j € Metolt

med?

=0,
Z’YZ (Nelxtv;xc)j S 07
‘ >0,

Z% =1 (8e)

Note that Eqn. (8d) is bilinear in  and v?, ¢ € Spc. Hence,
we multiply Eqns. (8ab) with ~; and perform a change of
variables, see also [25]. Instead of (i, v, v', ..., v*), we consider

(vavﬁly . -765), where

._Vi
M

vV o= yv

are rates/fluxes scaled by total biomass (rather than by
individual biomasses).

As it turns out, an equivalent version of a constraint-based
community model is given by the following system for growth
rate p, microbial mass fractions v € R®, and (scaled) fluxes
ot € R § € Spe.

Community model in u, v and @*:

i o'
0= N, 1, (9a)
b (e
7l <8 <yt (9b)
i 20, (9¢)

for i € Spc, and

if j € Met? g,
if j € Met?_,, (9d)

if j € Metlt

med?

=0,
Z(Nixtﬁzxc)j S 07
' >0,

Z’h‘ =1 (9e)

Systems (8) and (9) are equivalent only since they involve
the constraints (8b) and (9b), respectively. Just assume that
species i is not present in the community, that is, 7; = 0. On the
one hand, (8ab) specifies constraints for the fluxes v', although
they do not contribute to (8d). On the other hand, the fluxes
i . do contribute to (9d), and only (9b) ensures T’ . = O.

That is the reason why we include lower and upper bounds

v

for all exchange fluxes. (In fact, one has to include bounds at

least for all uptake fluxes.) In other words, (8b) constrains the

(irrelevant) fluxes v®, whereas (9b) sets the fluxes @° to zero.
For fixed pu, in particular,

(’77517"'755)7

system (9) is linear,

homogeneous in the remaining variables
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except for constraint (9e), the normalization of mass

fractions. In particular, the single-species submodel (9abc)
is the homogenization of system (8ab), with homogenization
variable ~y;.

In the following, we often drop (9e) for the moment, and
reconsider it at the end of our analysis.
, %), system (9abcd)

defines an (essentially isomorphic) polyhedral cone, for which

Indeed, whereas
system (9) defines a polytope in (v, T}, ...

projection methods are readily available.

Finally, we note that, for fixed p or 4, system (9) is linear
(in the remaining variables) and hence accessible to standard
CBM approaches like FBA and EFM analysis, see also [25].

Projecting to mass fractions and/or exchange fluxes

Ultimately, we are interested in a community model that
involves only microbial mass fractions and/or exchange fluxes.
In the following, we eliminate internal fluxes, which only appear
in the single-species subsystems (9abc).

For species i and fixed growth rate p, the set of feasible
microbial mass fractions «; € R and feasible fluxes ot e RRM s
given by the homogeneous equation/inequality system (9abc),
defining the polyhedral cone

%' (1) C R x RF™

depending on growth rate. We denote its projection to v; € R

and the exchange fluxes B’ __ € R¥exci by

exc
€ (1) C R x RRMexer

Explicitly,

€= {1,000 | ATBL + b1y > 0,

yill o < 'v e < viuw (10)

exc — exc7

vi >0}

for some matrix A® € R™iXRMexei and some vector b*(u) €
R™¢, depending linearly on p (and on liint and ufnt). Of course,
the latter two inequalities can be included in the first one. For
clarity, we explicitly restate the inequalities that did not involve
internal fluxes.

Using the explicit form (10), we obtain the desired version
of a constraint-based community model, involving growth rate
w, microbial mass fractions v € R?, and exchange fluxes v___ €
RR®Mexei 4 € Spe.

exc

Projected community model in p, v and 'Eéxc
A'B + b ()i >0, (11a)
Vi lexc S ’U < ’y’buextﬂ (11b)
vi 2 0, (11c)
for 7 € Spc, and
=0, ifje€ Met 4,
Z(Nextvexc <0, ifj€ Met” 4, (11d)
>0, ifje Metdl,
Z% =1. (11e)

llllllld interactions in TII](Y()})ldl (Orrllllllllltl(\\; 5

Community model,
system (9)
1
Projection to mass fractions and exchange fluxes,
system (11):

Pex C Cex
Eqn. (12)
4 pN
Proj. to mass fractions:  Proj. to exchange fluxes:
P C be Py C bx
Eqn. (13) Eqn. (14)

Table 1. The hierarchy of (projected) community models and the
related polytopes and polyhedral cones

For fixed growth rate p, system (11) defines the (combined)
composition/exchange polytope
P (1) CR® X Rt 5y R (12a)
and the homogeneous part (1labcd) defines the (combined)
composition/exchange cone

Coxe (1) C RT x Rt 5oLy RMexers (12b)
Obviously, %cx is a polyhedral cone, and Z.x is a bounded
polyhedron (that is, a polytope). In fact, we can say more about
the two objects.

Proposition 1. %. is pointed, and %.x and P.x are
isomorphic in the sense that rays of €.x are in one-to-one

correspondence with points of Pex.

Proof First, we show that the cone % is pointed. Assume that
both (Bl .,...,%..,~) and —(TL ,...
of €cx. Then, v = 0 by Eqn. (11c) which further implies
B! . =0 for i € Spc by Eqn. (11b).

exc

=S
,TorerY) are elements

Second, we exhibit the isomorphism. On the one hand, for
every point (vexc,...,ﬁ:xc,'y) € P and every A >0, we
find A\ (Bl ., ..., %5 .,7) € Gex (since Eqn. (1le) is discarded,
when going from Z.x to €cx), that is, the corresponding ray
is contained in the cone. On the other hand, every ray of the
cone is given by some nonzero point (Bl .,...,Bi.,Y) € Gox
with nonzero . Hence, there exists a unique A > 0 such that
X (B yToxerY) € Pex, in particular, AY S, v, =1. O

exc? " "

By further projecting Z.x and %.x to the microbial mass
fractions « € R®, we obtain the composition polytope and

composition cone
,WC(M) C %c(ﬂ) C RS? (13)

respectively. Clearly, %. is pointed, and %. and Z. are
isomorphic, as above.

Alternatively, we can eliminate the microbial mass fractions.
€

RR¥Mexei i € Spc, we obtain the exchange polytope and exchange

By projecting Z.x and %.x to the exchange fluxes ﬁixc
cone

Pi(p) C Gu(p) C RRMexet s ... RRxnexc,57 (14)

respectively. On the one hand, this projection assigns to every
point in Z.x a unique point in Z,. On the other hand,
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_éxc 'l_]ilnt ,l_)gxc ’l_li2nt
constr. ¥y T3 Uy Uy Us w9 v v U5 o2 v2 sign
x? 0 o0 0 0 o0 0 <
X2 0 o0 0 0 0 0 <
y?! 0 0 0 0 0 0 >
Y2 0 o0 0 0 o0 0 >
St i1 0 0 -1 o0 0 0 0 O 0 O 0 =
B! 0O 0 0 1 1 —pw/®@ O O O 0 O 0 =
p! 0 0 -1 1 o0 0 0 0 O 0 O 0 =
Al 0 1 0 0 -1 0 0 0 O 0 O 0 =
52 0 0 0 0 O 0/ 1 0 0 -1 0 0 =
B2 0 0 0 0 O 0 0 0 0 1 1 —p/@ =
p? 0o 0 0 0 0 0/ 0 0 -1 1 o0 0 =
A? 0 0 0 0 O 0/ 0 1 0 0 -1 0 =
vl i 0 0 0 0 —w O 0 O 0 O 0 <
v? 0 0 0 0 O 0 1 0 0 0 0 —u <

Fig. 2. Two-species community: (a) reaction network with all (internal and exchange) fluxes and all in/outflows to/from the medium. (b) (in-)equality

constraints for exchange fluxes and compositions arising from the steady-state assumption (for the metabolites in the medium and the internal metabolites

of the two species) and flux bounds.

Eqn. (3b) implies

Vip=w' N B

exc exc’

for i € Spc, (15)

which assigns to every point in %y a unique point in Py,
provided that g > 0. In this case, Y.« is just the image of
P, under a linear transformation. We have shown:

Proposition 2. %, is in one-to-one correspondence with

Pox -

As above, %y is pointed, and %x and &5 are isomorphic.
For an overview of all geometric objects introduced above,
see Table 1.

Example 1. We consider a microbial community involving just
two species, as shown in Fig. 2. There is an inflow of metabolites
X! and X? to the medium and an outflow of Y! and Y2, that
is, Meti? ;= {X"', X?} and Met®f; = {Y', Y?}.

The first cell (in blue color) takes up substrate X' (its
internal version being denoted by S') from the medium (with
maximum rate ui), forms the biomass precursor B! with by-
product P!, and excretes the by-product (its external version
being denoted by Yz). Alternatively, the cell takes up substrate
Y (its internal version being denoted by A') and forms B'. As
a mnemonic, S stands for substrate, B for biomass precursor,
P for (by-)product, and A for alternative substrate.

The second cell (in red color) operates in a symmetric way,
growing on substrate X2 with alternative substrate Y2 and
(external) by-product Y.

For the first cell,
matrix, the corresponding stoichiometric vector of the biomass

we explicitly write its stoichiometric

reaction, and the external stoichiometric matrix:

vi vy vy v v 1)@
stT1 0 0 -1 o0 0
B! 11 1

N = ) 0 0 0 o eal = ’
P 0 0 -1 1 0
A0 1 0 0 -1 0
Xl
X2
Nelxt =yt , respectively.

Y2

Fig. 2b summarizes the stoichiometric information for the
community model, cf. (9d) and (9a), and the upper bounds for
the fluxes, cf. (9b). See also the caption of Fig. 2. Nonnegativity
constraints for fluxes and nonnegativity and normalization
constraints for microbial mass fractions, cf. (9¢c) and (9e), are
not shown.

Altogether system (9abcd) defines a polyhedral cone. After
projecting this cone to mass fractions and exchange fluxes (that
is, after eliminating internal fluxes), system (1labcd) defines
the composition/exchange cone %cx. In the example, %.x is
given by the equations/inequalities

constr. vy Uy U3 Y1 0] vy U3 Y2 sign
y?! 0 0 >
st pt 1 0 -1 0 0 0 © 0 =
S'+B'+4A* 1 1 0 —p/@ O O O 0 =
S2+p? 0 0 0 o1 0 -1 l -
S?+B%*+A%2 0 0 O 0 1 1 0 —p/e® =
vi 1 0 0 -—wu 0 0 0 0 <
vi 0 0 0 0.1 0 0 —u <

and by nonnegativity constraints for all variables (o}, 73, ﬁé,
2 -2 -2
vy, U3, U3, and y1, 72).
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For symmetry reasons, we assume equal upper bounds for
substrate uptake from the medium, uj = u? =: u, and hence
Hmax ‘= u® is the maximum growth rate for the two individual

species. For notational simplicity, we introduce scaled fluxes
f);. = T);/u and scaled growth rate fi := p/pmax, and hence €cx

is given by the homogeneous equations/inequalities

—y +05 >0,
A1 L2
Vg —Vqy ;
1 A1 —
[h —03 =0,
07 +10; —Am =0,
A L (16)
ik —03 =0,
01405 —Ay2 ’
A1
Uy - M s U,
ﬁf - ’YQ< )

and nonnegativity constraints for all (scaled) variables.

The corresponding composition/exchange polytope Py is
obtained by also considering (1le), that is, 71 + v2 = 1. The
projection of Z.« to T)i and 1 (as a function of ) is shown in
Fig. 3a.

Finally, after projecting to mass fractions (that is, after
eliminating exchange fluxes), the composition cone %, is given
by the homogeneous inequalities

(I—p)vi+ Y2 > 0,

Y1+(1 — @) y2 >0,

a7)

and nonnegativity constraints. As above, by also considering
(11e), that is, v1 +v2 = 1, we obtain the composition polytope
P., given by the inequalities

1—-—<m<—, 0y <1, (andy2=1—71).

)

==

1
i
In particular, i < 2 (as opposed to 4 < 1 for the individual
species). For fixed growth rate, feasible mass fractions v lie
in a certain interval: for g € [0,1], we find 71 € [0,1]; for
o € [1,2], we find 11 € [l_ﬁvﬁ'
of i), see Fig. 3b. Conversely, in terms of growth rate,

(i)
-y’ m/’

That is, for fixed mass fraction i, feasible growth rates [ lie

For a plot (as a function

0 < A < min

in a certain interval (with lower bound 0). In particular, i = 2
1

is feasible only for y; = 5-

This concludes our initial examination of Example 1, and
we return to the general analysis of microbial communities. In
particular, we extend the concepts of elementary flux modes
and elementary conversion modes from single-species models to
community models.

Results: community elementary vectors

For the objects of polyhedral geometry (subspaces, cones,
polyhedra), there is no unique minimal set of generators, in
general. However, elementary vectors (EVs) form unique sets
of conformal generators [33, Section 3.4] that allow to generate

genometric objects without cancellations. For linear subspaces

llllllld interactions in TII](Y()})ldl (()Hl]llll]lltl(*\ 7

and s-cones (arising from linear subspaces and nonnegativity
constraints) such as the flux cone [39, 40], elementary vectors
are the support-minimal (SM) vectors; for general polyhedral
cones such as the conversion cone [41] or the growth cone [34],
they are the conformally non-decomposable (¢cND) vectors;
finally, for polyhedra such as the flux polyhedron [22] or the
growth polyhedron [34], they are the convex-conformally non-
decomposable (ccND) vectors plus the ¢ND vectors of the
recession cone.

Since the geometric objects Pcx, Gex, Pe, b, and Px
defined above are polytopes or polyhedral cones, we first recall
formal definitions and results for (general) polyhedral cones and
bounded polyhedra (polytopes) from [33].

Cones: Let C be a polyhedral cone, that is, C =
{z € R" | Az > 0} for some matrix A € R™*".
A nonzero vector z € C is conformally non-
decomposable (cND) if, for all nonzero z',z?> € C
with sign(z!), sign(z?) < sign(z), the decomposition
z = z' +2? implies ' = Az? with A > 0. (If the cone is
contained in an orthant, then the cND vectors coincide
with the extreme rays.) In this setting, a vector z € C
is called elementary if it is cND. By [33, Theorem 8],

every vector 0 # x € C is a conformal sum of EVs.

Polytopes: Let P be a polytope, in particular,
P = {z € R" | Az > b} for some matrix A € R™*"
A vector x € P is
convez-conformally mon-decomposable (ccND) if for

and some vector b € R™.

all ', 22 € P with sign(z!), sign(z?) < sign(z) and
all XA € (0,1), the decomposition & = Azl + (1 — \)z?

implies z! =

(If the polytope is contained in
an orthant, then the ccND vectors coincide with the
vertices.) In this setting, a vector z € P is called
elementary if it is ccND. By (a variant of) [33,

Theorem 13],

every vector x € P is a convex-conformal sum of EVs.

Based on these definitions and results, we define the EVs
of the polyhedral cones %cx, é., and %% as their cND vectors
and the EVs of the polytopes P.x, Z., and Py as their ccND
vectors. (Since 4. and &, are contained in the nonnegative
orthant, we can also define their EVs as extreme rays and
vertices, respectively.) We name the EVs of the polytopes and
cones as follows:

polytope, cone | elementary vectors (EVs)

Pexs Cox elem. compositions/exchange fluxes (ECXs)
Py Ce elementary compositions (ECs)
Py, Cx elementary exchange fluxes (EXs)

Since corresponding cones and polytopes are isomorphic, the
same holds for their EVs, and we use the same names. Indeed,
the EVs of the polytopes are normalized versions of the EVs of
the cones.

We explicitly state conformal decomposition results only for
the composition/exchange cone and polytope. The statements
for the other geometric objects are analogous.
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(a)

1/ Bmax

1/ max

Fig. 3. Two-species community: (a) (projections of) the composition/exchange polytopes as a function of growth rate, (b) (projections of) the

corresponding ECs and EXs.

Theorem 3. Every nonzero vector x € %.x is a conformal
sum of ECXs. That is, there exists a finite set E of ECXs
such that

T = Z e with sign(e) < sign(z).
ecE

Theorem 4. Every vector © € Pcx 1S a convex-conformal
sum of ECXs. That is, there exists a finite set E of
normalized ECXs such that

T = Z Aee  with sign(e) < sign(z),
ecE

Ae 20, and 3}, cpAe = 1.

Interestingly, ECXs and EXs are in one-to-one correspondence,

if u > 0.

Proposition 5. If p > 0, then the projection of every ECX is
an EX, and every EX is the projection of exactly one ECX.

Proof By projection and the linear transformations (15),
respectively, elements of Py (resp. %cx) and elements of Py
(resp. %x) are in one-to-one correspondence. We show that
every element cz™ € %.x is conformally decomposable if and
only if the corresponding element z* € ¢ (its projection) is
conformally decomposable. For simplicity, let cz* = cz! + ca?
with ca! o ca? and sign(ca’) < sign(cz*). Then, z* = z! + 2?2
with z' o z? and sign(z’) < sign(z*) for the corresponding
projections. Analogously for the other direction. [

Example 1 (continued). For scaled growth rate g € [0, 1], the
normalized elementary compositions/exchange fluxes are given

by
Y1725 01, 05,055 07,93, 03
ECX; = ( 1,0; 0,0, i 0,0,0 )7,
ECX, = 0, 1; 0,0,0; 0,0, )7,
ECX3 = 1,4 20,4, 0,24,0 )7,
ECXy = 1,4 0,4, 0; Lo, & )T,

In ECX; (resp. ECX5), only the first (resp. second) microbial
species is present, whereas ECX3 and ECXy represent true
communities.

For fi € [1,2], we find

_ 1 1 1 =1 1. a1l (A1) a1 T
ECX5 - IR IR TR a0 i > A ) )
—( Azto1. p1 (A1) pl 1 41 1 T
ECXG - a0 no [ 9 s T 0 R R ) )
— 1 1. 1 =1 1. =1 1 g1 T
ECX7— PRR 3573 1D 2 12 2 ) )
— 1 1. A=l 1 g1, 1 4a-1 1 T
ECXS_( 292 2 12 2 2y 2 12 ) .

Note that ECX5 and ECXg depend on i in a nonlinear way.
For i = 1, the two sets of ECXs agree. For g = 2, all
elements of the second set agree. That is, at maximum growth
rate, there is only one ECX.
Further
elementary exchange fluxes. On the one hand, for g € [0, 1],

projection yields elementary compositions or

elementary compositions are given by
EC; = (1,0)7,
EC; = (0,1)",

and for g € [1,2], we find

(1 po1yT
ECs = (5, 57)
_ (=1 1\T
ECG_( a ' h .
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The projections of ECX3, ECX,4 and ECX7, ECXg are not ECs,
but lie between EC; and EC; resp. EC5 and ECg. See Fig. 3b.

Ecological significance

Elementary compositions/exchange fluxes represent minimal
modes of interaction between members of microbial communities.

For Example 1, we illustrate the ECXs in Table 2 : ECX; with
j =1,2,3,4 for “low” growth rates i = /2,1 and ECX; with
J 5,6,7,8 for “high” growth rates 4 = 3/2,2. Recall that

£ =1 is the maximum growth rate for the individual species.

For arbitrary growth rate, we find the following behaviors.

i€ (0,1] i€ (1,2]
ECX 1 2 3 4 5 6 7 8
specialization | v v
commensalism v v
mutualism v v v v
maximum uptake v v
maximum yield v v v v
nonlinear in f v v

The simplest cases, ECX; and ECX,, are paradigms for
specialization. A species grows on its respective substrate and
does not use the alternative substrate produced by the other
species. Commensalism is represented by ECX3 and ECXy4. A
species growths on its substrate and produces the alternative
substrate used by the other species. The most complex cases,
ECX;5, ECXg, ECX7, and ECXg, are paradigms of mutualism.
Both species grow on their substrates and, additionally, use
the alternative substrates produced by the respective other
species. Only in this way, “high” growth rates g > 1 are
possible. For “low” growth rates 4 < 1, mutualism can arise
from commensalism, in the sense that any convex combination
of ECX3 and ECX, exhibits mutual exchange of alternative
substrates between the two species.

The ECXs can be categorized also in another way. In ECX;
and ECX., neither substrate uptake occurs at maximum rate,
nor (community) yield is maximum. (The by-product is not
used as an alternative substrate and has an outflow.) On the
one hand, in ECX3 and ECX, as well in ECX; and ECXg,
no alternative substrate has an outflow, that is, the yield
is maximum. On the other hand, in ECX5; and ECXg, the
uptake of both substrates occurs at maximum rate. However,
both behaviors, maximum uptake and maximum yield, are not
possible at the same time. (Except for maximum growth rate,
where all ECXs agree.)

Further examples

Example 2. In the two-species community studied in
Example 1, the projection to mass-fraction(s) and growth-rate
is concave, see Figure 3a. The nonlinear part (for scaled growth
rate greater than one) arises from mutualism. As we show
below, cooperation can also result in convex areas.

To this end, we adapt the two-species community studied in
Example 1, see Figure 4: Here, metabolite Y2 has no outflow,
but species 2 can take up Y2 and, using S?, convert it to W2,
which has an outflow. Moreover, the synthesis of the biomass
precursor B2 and the by-product P? are no longer coupled, but
have their own (competing) synthesis reactions. In biological
terms, Y2 can be interpreted as an inhibitory product, like
ethanol in yeast. Species 2 can detoxify Y2, but must choose
between detoxification, biomass production, and the synthesis
of the product P? which serves as an alternative substrate

made available under aCC-BY-NC-ND 4.0 International license.

Fig. 4. Two-species community with detoxification.

for species 1. Depending on the stoichiometry of biomass
production and alternative substrate synthesis by species 2, the
projection to mass-fraction(s) and growth-rate can be convex,
concave (or linear).

Example 3. We apply the community model (9) to a
two-member co-culture of Methanobrevibacter smithii and
Bacteroides thetaiotaomicron, two gut microbes known to
form a stable community in vitro [3, 10]. In rich medium,
M. smithii grows slower than B. thetaiotaomicron but increases
its growth rate in co-culture, primarily due to hydrogen cross-
feeding from B. thetaiotaomicron, which M. smithii uses for
methanogenesis. Conversely, M. smithii also enhances the
growth of B. thetaiotaomicron, though to a lesser extent.
Beyond hydrogen, cross-feeding likely involves fermentation
products, amino acids, and vitamins, most of which are
suspected to be provided by B. thetaiotaomicron. Further,
the growth of B. thetaiotaomicron is inhibited by some of its
products, leading to a mutual benefit when these are taken up
by M. smithii [3].

‘We simulate the co-culture using genome-scale metabolic
models in a minimal medium derived from MS medium.
In the absence of experimental data for exchange fluxes,
inflow to the medium is bounded by £1000.0 mmolg~'h~?,
and all metabolites are allowed to leave the system.
Transport reactions of individual species are limited to
+10.0 mmol g~ h™!, and irreversibility constraints are preserved.

In this setup, B. thetaiotaomicron grows at 0.775h™1!,
while M. smithii fails to grow in monoculture. Single knock-
out analysis of MS medium metabolites identifies essential
components for M. smithii growth that are absent from the
community’s minimal medium. However, supplementing these
individually does not restore growth. A combination of at
least four metabolites is required: L-Proline, L-Threonine,
Coenzyme A or Pantothenate, and one of 18 interchangeable
compounds (mainly amino acids, fermentation products, and
sugars; see supplements). Flux variability analysis (FVA)
confirms that B. thetaiotaomicron supplies all required and
most interchangeable metabolites. The specific metabolites
exchanged (and the direction of exchange) vary with community
composition, indicating the co-culture’s metabolic flexibility;
see supplement.
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Fig. 5. Co-culture of M. smithii and B. thetatotaomicron. Community

growth rate vs. mass fraction of M. smithis.

Fig. 5 shows the community growth rate vs. the mass
fraction of M. smaithii; in geometric terms, a (projection
of the) composition polytope as a function of growth rate.
The maximum growth rate of 0.851h~! is reached at a
smithit (and 52.1%
B. thetaiotaomicron). This exceeds the growth rates of
either monoculture (0.0h~! for M. smithii and 0.755h~?
for B. thetatotaomicron). As in the other examples, the

community composition of 47.9% M.

dependence on growth rate is non-linear.

The mutualistic interaction arises from extensive metabolite
cross-feeding. Beyond the well-established transfer of hydrogen
from B. thetaiotaomicron to M. smithii, a wide range of
compounds — including amino acids, sugars, nucleosides,
fermentation products, and cofactors — are exchanged,
consistent with prior hypotheses [3]. While most of these
are supplied by B. thetaiotaomicron, some are produced by
M. smithii, and for others, bidirectional exchange is possible

at maximum growth; see supplement.

Computation

The basic method to eliminate variables from a system of
linear inequalities is the Fourier-Motzkin algorithm, proposed
by J. B. Joseph Fourier in 1826/1827 [15, 16] and re-discovered
by Theodore Motzkin in 1936 [32]. For introductions to linear
programming, see e.g. [38, 28].

For variable elimination in the running example of this
work, we use block elimination [2]. For a previous use of this
method in the analysis of metabolic networks, see [27]. For the
computation of elementary vectors, we use the reverse search
algorithm (1rs) [1].

Genome-scale metabolic reconstructions of M. smithii and
B. thetaiotaomicron were generated using gapseq v1.2 [42],
based on public genome sequences (ABYWO00000000.1 and
NC_004663.1, respectively). The draft reconstructions were
subjected to automated gap-filling by gapseq, followed by
gap-filling on MS medium [10]. Construction and analysis
of the community metabolic model were performed using
PyCoMo v0.2.8 [36] and COBRApy [11]. For assessing feasible
community growth rates and compositions, a minimal medium
was calculated using COBRApy’s minimal medium function.

Discussion

Constraint-based metabolic modeling (CBM), through techniques

such as flux balance analysis (FBA) and elementary flux
mode (EFM) analysis, has significantly advanced foundational
research in microbiology and enabled practical applications

nimal mteractions in microbial communities 11

in metabolic engineering. Central to this approach is the
geometric representation of all feasible metabolic states a cell
can achieve under defined conditions, the so-called flux cone (or
flux polyhedron in the presence of inhomogeneous constraints).
This space is generated by the EFMs (or EFVs [22]),
which represent minimal metabolic pathways and serve as
fundamental building blocks of metabolism. As such, they
provide a mechanistic understanding of an organism’s metabolic
capabilities, independent of any optimization objective.

Despite the success of CBM in modeling individual
organisms, extending it to microbial communities remains
challenging and an active area of research. Optimization-based
approaches have been adapted to community settings [21, 19,
24, 5, 25], yet a systematic and unbiased characterization of
the full metabolic interactome has remained elusive. The core
difficulty lies in generalizing the flux cone framework to multi-
species systems, where community composition and interspecies
interactions introduce additional layers of complexity. While
EFMs represent the minimal metabolic pathways of single
organisms, they fail to capture emergent community-level
behaviors such as cross-feeding, syntrophy, or competition.
To address this gap, we developed a geometric framework
that identifies the minimal building blocks of community
metabolism.

Building on existing CBM approaches for microbial
communities, we defined a key geometric object: the
composition and exchange flux polytope, which captures all
feasible exchange fluxes between community members and
their environment, along with the corresponding community
compositions. Notably, the community polytope depends on
both the external medium and the community growth rate.

A key implication is that methods based on the single-
species flux cone can be adapted to microbial communities.
Notably, the concept of EFMs extends to communities as
elementary compositions and exchange fluxes (ECXs). These
elementary vectors represent minimal interspecies interactions
and serve as fundamental building blocks of community
metabolism.

Interestingly, elementary community vectors also admit
a direct ecological interpretation: each corresponds to a
fundamental interaction type — specialization, commensalism,
or mutualism. This connection between mechanistic modeling
and ecological theory suggests that complex community-level
behaviors can be decomposed into a set of elementary ecological
interactions.

The identification of the community polytope also holds
significant potential for biotechnological applications. Building
on the flux cone framework, powerful techniques such as
production envelopes and minimal cut sets [23] — widely
used in metabolic engineering for single organisms — can
now be extended to support the rational design and control
of synthetic consortia. A major challenge in this field is
finding culture conditions that promote stable community
compositions. While most interactions in natural communities
are non-mutualistic [14, 35], mutualism is often desirable in
synthetic systems due to its potential to enhance stability [4,
30, 29]. However, selecting compatible interaction partners and
tuning environmental parameters remains non-trivial. In this
context, elementary community vectors and their ecological
interpretation offer a principled approach for identifying
candidate consortia and guiding medium design.
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